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EXPERIMENTAL INVESTIGATIONS ON THE LIGHT SCATTERING OF COLLOIDAL SPEERES.
V. !)EI'E!MINATIO§ 0¥ 3IZE DISTRIBUTION CURVES BY MEANG OF SPECTRA OF THE
SCATTERING RATIO".

Wilfried Heller and M. L. Wallach®
Departaent cf Cuowmistry, Weyne State University, Detroit, Michigan

and

A. F. Btevenson
Department. of Paysics, Wayne State University, Detroit, Michigan

1. INTRODUCTION

The preceding paper in this series dealt with the scattering
ratio, g, determined at an angle of 90° with respect to the incident beam
as & means for determining particle size from light scattering in mono-
disperse colloidal cdisperaions of non-absorbing apheres3. The principal
advanteges of the ute of § over a series of other possible light scatter-
ing techniques were found to be {a) its relative insensitivity to errors
in concentration, {I') the fauct that no instrument constant is needed and
{c) its high prospsctive sensitivity to heterodispersion. In view of these
advantages, the scattering ratio appeared very promising as an argument for
determining size diztribution curves in heterodisperse systems. An exten-
sive theoretical iavestigation of this prc:bl.retlh laid the foundation for a
practical applicaticn of & -spectra to this end. The prepent paper is
concerned with this practical apolication®. Its results apply equally to
measurements of the depolarization {poiarization ratio at 90°).

1. This vork wae supported by the Office of Naval Research. The results
given in the present paper were presented at the 134th meeting of
the American Chemical Society; Chicage, September, 1958.

2. Present adressa: Film Department, E. I. DuPont & Co., Wilmington,
Delavare.

3. W. Beller and R. Tabibian, J. Phys. Chem. 66, 2059 (1962).

4. A. F. Stevenscn, W. Heller, and M. L. Wallach, J. Chem. Phys. 3k,
178 (1961).

9. Regarding other recent attempts at using light scatteringffor a deter-
mination of sizs distributions, reference may be made to the extensive
litersature review given in ieference §.
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I1. BRIE® REVIEW OF THE THRORY

The theoreti:al vuriation of the scattering vatio withoc 6

investigated previously7 shows (Pigure 1 to 3 in ref, 7) that its
spactrum will exhibit a veriez of mexima and minima at conatent particle
gize, their mmber >eing largar tne wider the spectral range used. As
shovwn more reccantly“ these maxiing and minime move to longer wevelengths
and becone shallove: a3 the system becomes more and more heterodisperse.
{See particularly Figure S end 6 in ref, 4).

In order to correlate the spectral location of 6 -maxima ard
minima anpd the amplitude of the spectral osclillations of 4, with size
distribution curves, a certein basic type of distributicon curve zust be
assumed unless the uccesnible spectral renge is extraordinarily wide or
unless a series of additionsl .Light scattering criterie are used. In-
stead of using any of the varlous possibliz well-kpown distributions,
such as Gaussian, log normal, Maxwellian, & spacial type of distritution
veg essumed in the precent vork: a distrivution which fitted well those
found in emlsions. The reasouis for this is that colloidal emulsions
moet 1ikely will represent one of the most important areas where this
new technigue is va ueble since electror microscopy cannot be applied
Lere except under very special circumstances. The distribution function
selected is

fAr) = (zx) em (- Urer) /61 ] 2 mpr, ()
= O, r{ro.
vhere Cf(r) dr ls tb~> mwber of particles per unit volume with radii

between r and r + dr, C 1o a normalizetion constant, and T, and s are
parameters characterizing the distribution; r, is the redius of the

6. €= 2_17/) vhare 4 is the radius of the spnere and]ic the vave-
length in the surrounding mediuvm.

T. W. Heller, W, J. Pangonis, and N. A. Economou, J. Chen. Fhys. 3k,
971 (1961).
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smllast particle present in conseauential nurbers whils a determines

the model rediue r , the half width v, and the "mlf spread" (rm-ro)
of the distribution through the relations

W = 0.9015 8 (2)
y = 3-1‘/28 (3)

“m o

The type of distribution curve represcnted by eq. (1) i similar to a
log-normal 4ietritution incsmich as it is positively siowed as gensrally
found in colloidel systems. It differs from it and from eny other 4is-
tribution curve bty the fact that it generally begins at a finite ¢ (at
a finite particle size!. This has i(vo reasons: PMrst, particle size
dlstributions wiihin the Reyleigh range {€L0.4) cannot be determined
without additionnl criteria, tho respective gection of an optical dise
tritution curve leing thsrefore memningless irrespactive of the type of
distribution assumed. Secondly, and most importuntly, the smallest
limiting particle size determined with this type of function represents
well the nmunber of particles pressnt in consequential mimbers. This
therefore introdneces an additioral practicslly useful paxvemeter for the
choracterization of perticle size distribations.

in heterodisperse systems, the scattering ratio is

L . P~ -
RS az/f Tasot(e)ax ()
<
Fere J 1s intensity of light ccattered, st an angle of 90° with recpect

<o the incident beam, by a cingle particle of radius r, per unit golid
angle and unit intensity of the incident beem. On changing the variable
from r to «

&= ¥//(2,9) /¥ 4(0,q)- (5)
The quantitiea p and q are defined by
P 21'0 77'//2: (6)

e-2877/4. (1)
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The ¢ -values corresponding to all p and g values that may practically
be encountcred in colloidal dispersions of non-absorbing spheres have
been tabulated for the relative refractive indices m - 1.05 (0.05) 1.3
using ao a theoretical basis the Mie-theorﬁ .

~8

For practical work it is convenient to normelize the data with
respect to the green mercury line as the refarence wavelength, { g In
the present work, where the diepersing medium is water at 25°, A g = 1093.5TA.
The corresponding normalized p arnd q values

Pp = 2777/ ,2 R (8)
=27/ (9}

As already shown® the practically important quantitics
W= 0.05873QR, (10)
rer = O.O#Bl’{qR, (1)
r = o.obsrrqR + 0.06515pn, (12)
x, = 0.06515p, {13)

Tr2 sctuald procedurs in deriving distribution curves consists of
the following oteps: (1) spectra of the scattering ratio are obtained at
various concentrations; (2) the spectrum pertinent to infinite dilution is
derived; (3) & fev cxploratory theoretical spectra are derived for several
pairs of pp and gp-values; {4#) the exact PR and ¢ values are decided upon

8.7 fyyhere 4, is the refrective index of the spheres and &, thst of
‘the ‘medium. .

9. Tables of Scattering Rinctions for Heterodisperae tems
A. ¥. Stevenson acd W. Beller; Wayne State Universi os; Detroit,
Michigan, 1961.
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which wili give the best possible fit of the theoretical and experi-

neatal gnectrum. A number of vardietions of this basic principle are pos-
naible and hnve been discuased‘.

In the present work, the theoretical spectra giving the best fit.
vore obtained by means of bhand calculations, in order to get zs Intimate
u knovwledge of the sensitivity of the thooretical spertra to Py and Yp
ag possible, In systematic practical application of the method, the fit-
ting procedure by means of electronic corpuier is obviously indicated on
account of the considerable amcunt of time that thus can be ssved. Steps
(3) and (1) are then reduced {o 2 single operation.

11T, EXPFRIMENTAL
1. The Syctems Investigated

The ~xperimental tests weras carried cut on heterodisperse
latices of polystyrenre, obtained by seiectively mixing portions of eighteen
relatively wonedlsperse latices. The meen particle size of the monodisperse
Inticns varied eyctematically from 758 to 1,300 me 0 in intervals of about
30 m.y. Therefore gmooth distribution curves of almost any tyve could be
obiained by vreper mixing. The polyetyrene systems-iu which m closely
arv.oximstes 1.70 at 5461A-vare attrective also because the light scatter-
ing of moncdisperce polystyrene latices hed already been investigated
ra:ct.er:sivelyn. Tmee hetercdisperse pystems were thus prepsred, one in
wbich the distriutior approximeted that given by Bquation 1 (H.D.1l.), a
second ir which the distribution vas anticymmetrical i.e. negatively
skeved, (H.D. 2.) end & third which was approximately Geussian, (H.D. 3).

Eacn of tke 3 prepared stock mixtures had & concentration of 10 g
of polymer per 1,000 g latex. From each of them a series of dilution
wer2 made s0 Tthat the g-spectra could be extrapolated to zero concen-

10. The monodisperse samples vere kindly provided by Dr. J. W. Vanderhoff
of the Dow Chenical Coapany.

1. R. M. Tabibisn, W. Beller, and J. N. Epel, J. Coll. Sci. 11, 195 (1956)
and later papers, ibid.
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tration. The highest and lowest concentration optically mvaati-
gnted withip these threo dilution series were $1.40 x 10 ~ and

{5.,8) x 10”7 g of polymer per 1,000 g of latex. For technical dﬁta}ls,
reference may be made to the investigations on monodisperse systems
gince tney were identical except for the fcllowing: Centrifuging was
omitted and, prior to filtering, stebilizer was added and ultrasonic
jrradiation carried ot for 10 mimates. This was found to effectively
disperse any aggregates that may have been present.

2. The Optical Measurements
The mpparatus described previoua]yj was used for the

present work alsc after applying the following modifications: (1) A 150
candle power a.c. Pointolite arc lamp was employed as asn incandescent
light source since it combined high brightnees ‘at all wavelengths in the
visible with virtually constant outpaxt. {2) Among the various diaphragms
used in the sypamatus (See Fig. 1 in reference 3) the following Were
increased in aperture: (4 =>5.4 gm.), D, 4.0~»5.2 mm.),

A
D, fb.> 6.5 im.}). As done previously D).g (6.7 mn.) vas generally
dftted. ‘

Tha specirs vwere invastiguted between the limiting wavelengths
of 4510 and 5970A for H.D.1 ard 2, and between LSO and 6000A for
BE.D.3. In order to increase the intensity of the incident beam, g
slightly larger entrgnce slit to the monochromator A (see fig. 1°) was
wsed than previcusly”. The resulting increase in the low intensity
Polychromatic background of the narrow spectral band emerging from the
monochromator was largely compensated, however, by passing the light
hean, prior to it,zantry irto the monochromator, through colored
agueons solutions™ . The width of the spectral band obtained from the
nonnchromator and 1is varistion with va.valiggth will be teken into ac-
count. in the results tc be discussed be .

12. Treee solutions, acidified if necessary, contained two or more
ca}mnent.s of the following salts in a suitable concentration:
cu\m3)2, g}(m3)3. CuCl,, ch:-aOT, ca(soh), and NiCl,.

13. The width of the spectral band entaring the apparatus varied be-
twien the blue and the orang® from 11 to 32, 5 to 12, and 6
to 16 millimicrora in the experiments with H.D.1, E.D.2, and H.D.3,
respectively. The wore important half width of the intensity dise-
trioution throughout the spectral band, which is decisive for the
response of the photocell, was of course considerably smmller, but
it is the former which will be used in determining the maximum
uncertainty of the results.
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The 80lid angle @ controlled by the position of diaphragm D12
vas varied within a rela?ively narrow renge depending on the scattered
1ntensit;(3 required for & measurement. It | & minimm value of
1.23x 10 © and a maximum value of 9.6 x 10 ¥ pteradians. The latter
was used in the mejority of measggemnts. This coapares with the
standard s0lid engle of 1.5 x 10 ¥ steradians used previously. This
angle was still withinBthc range where the value of the scattering ratio
is pot affected as yet~.

The anisotropy of the photomultiplier tube was dctermined
qantitatively by apeciig‘ experiments and was teken into account in
the numerical data of ¢~ .

The actual determinaticns of the scattering ratic were carried
out according to tre detailed technique deacribed previously”.

3. Klectror Microscopy

In view of the mixing procedure used, the synthetic size
distribition curve was, of course, a priori known. HNevertheless, an
electron microacopic analysis of the final mixtures was also carried
out. The opticallgiata to be reported below are checked against these
alternate results™ . The sralysis of the electron photomicrographs was
carried out on their projections onto & large screan giving az overall
wegnification of 140,000. Only the central portions of the individual
micrographs wera considered in order to eliminate the effect of minor
distortions in the peripheial sections which may not necessarily be
apparent visually. In oxder to be absolutely certain of the results

14, The anisotropy may be expressed in terms of 4 /ds . Here d
is the actusl deflection of the galvancmeter in the absence of
any scattering solution with the photomultiplier tube mounted with
ite long axis in the plane of observation, its customary position
in the apparatus used. The subscripts /7 ands pertain to an
incident polarized beam vibrating parallel and perpendicular,
respectively, to the plane of observation. The ratio varied from
0.964 to 0.971 between 4500 and 6000 A. viz., by only 0.T7% over
the entire spectrum used.

15. The electron photomicrogranhs were kindly nrovided by Dr.
J. H. L. Wateon of the Edsel B. Ford Institute for Medicel
Ragearch, Detroit, Michigaa.
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for H.D.1 and B.D.2, all particles in the central section considered
vere, in eddition, measured in two orthogonnl directions and all those -
resulis were rejected in which the axiel ratic differed from unity by
more than 5%.

IV. RESULTS

1. Distribution Curve of the Type Given by Eqa. 1.
The small bluck discs in Fig. 1 represent the most

probable values of the J-data obteined eyperimentally on H.D.L. The
rectangle within vhich the most probable value ie contained or horizontal
line vhich paesce through it give the extreme limits in the uncertainty
of these data. The exact width of the band of incident rldiat.ionla is
indicated by the horizontal dimension of the rectangle (length of the
line) while the maximal uncertainties in the mmerical value of
(Ty/iy) o (The subscript o signifies extrapolation to zero concen-
tration) are represented by the height of the rcctangle. Among all pos-
g8ible theoretical curves which it the experimental date on varying P
and % in steps of 0.2, the choice could be narrowed dowm to the set of four
lightly dravm or dashed curves given. These curves were calculated from
Eq. 6 in Ref. 416. They pertain to the paremeters (o, gp) of (6.8,1.4),
(6.8,1.6), (7.0,1.4), (7.0,1.6). By interpolation between the four curves
one cen find one vhich fits the experimental data most closely; this curve,
corresponding to py = 6.8k, G " 1.k9, is represented by Curve I in Fig. 1.
It gives the fully drawn distribution curve in Fig. 2. {(The oxdinate Cf(r)
is, az stated, proportionsl to the rumber of particles, per unit volume,
vhose radius is r.)

16. The theoretical data were calculated agsuming that m = 1.20 over
the entire spectral range. The dispersion of m, which abould be
taken into account when significant, was found not to alter the
general pattern of the results bere and could thereforad be
neglected.
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The electron microscopically obtainsd histogram of the distri-~
bution mrve(annlysia ot 982 particles)ie also shown in Fig. AT,
viev of the expanded scale of the abscissa, the agreemont must be con-
aidered as very satisfactory. The peak of the distribution curve
representing the modal diameter (Dm) &8s obtained by the two methods
differe by 5%, the half width, by 22%, the "half spread" 2(rm-r°) by only
2 and the smallest rerticle diameter D ty 6%. The theoretical curve in
Mg. 1 vhich satisfied the experimenial data the least (pn “T.0, g = 1.6)
gives the dashed distridution curve II in PFig. 2. It is readily seen that
it does not differ much from the dilstribution curve obtained by inter-
polation. Bence, one mey dispense with :!.m;erpolm;1.0111‘B if optimum accu~
racy 18 not esecntial.

2. FHegatively Ekewed Distribution Curve

The experimental dete for H.D.2(distribution curve anmti-
symmetrical to that postulated Yy Eg. l)are given in Fig. 3. The thao-
retical curve which comes closest {0 an ecceptable fit with the exper~
imentel dats ig obtained by interpolation between 4 pairs of Py and %
volues. The parameters of this Curve (I), PR = 8.15, qp = 0.85, yleld
the norralilzed distridution curve I in Fig. 4. Comparigon with the
electron nlorogcoypic histogram ehowe that the mumber distribtution ob-
talned is quantitatively not satisfactory. It is noteworthy, howvever,
that the derived distribution function does, evan in this case, repro-
duce the electron microscopic modal diemeter to within 4%.

17. The optical distribution curve is normalized with respect to the
electyon microscopic histogrem oo that they each subtend equal areas.
This procediize was adopted with all the systems investigated.

18. Momelizetion of both experimental and theoretical data repre=
sented in Fig. 1 with respact to the data at the reference wave~
Jergth may facilitate the anslysis and in favorable cases improve
the gsccuracy of the results.
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he fuct that the distribution curve obtained from light
gcattering doviates hore from the actual one is of course not eur-
prising. Indeed, it is very gratifying to see from Fig. 3 a8 compared
to Fig. 1 that a radical deviation of the dietribution curve from that
aseundd menifests itoelf immsdiately by the fact that no theoretical
svact can be vhich satipfies the experimental ons in satis-
factory approximation ovar a sufficiently extensive spoctral range.
The risk of obtaining fictitious dAistribution curves from light scat-
tering spectra is therefore quite amell since the kmpossidbility of a
patisfactory fit bhetwean theoretical and experimental spectra represents
an sutomatic check.

The quwestion naturelly arises as to what may usefully be dons in
absence of a satisfactory £fit. The possibilities of resolving the pro-
blem will be discussed in saection YV with empbesis upon one poesibility
adopteld in the present work,

3. Geussian Datribution
Cousidering, finally, H.D.3 wita its normal distridution

curve, Fig. S gives the exporimental o () ) data and, in addition, the
interpolated test fitting theoretical s ( 2 )=curve characterized hy
pR = 5.85, 9% = 1.90. Ths size distritution obtaingd from this beat
o"(z)-curve is compaved with the elactrot microscopic histogrem in
Pig. 5. The modal dlameters agree to within 5% which is, like in the
case of H.D.1 and 2, within the uncertainty of the electron microscopic
histogram. 'The half width agrees (o within 27%, and the value for the
geallost particles present in consequential mubers to within W%,
Nowal. dlstrimtion curves can, therefore, be annlysed satisfactorily
with the methed mutlined. The deviations of tho best fitting theoretical
spectivmm from the experiwental gpectrum are distinet, tut considerably
smaller than in the preceding instance (H.D.2). Tharefore, very precise
experinantal. éate are neocseary in oxder to give a clear indication~ns
apparent from Fig. S-that the distribution curve 1s not fully in line
vith thet asgumed,
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V. DETERMINATION OF SIZE DISTRIBUTION CURVES WHEN THEORETICAL
ARD EXPERIMENTAL £-SPECTRA DO NOT MATCE SATISPACTORILY.
In absence of a satisfactory fit between theoretical
and experimental f-spectra-vwhich indicates non~compliance of the actual
distribution curve with that assumed, one has the choice between four
possibilities, three of which have already been briefly discusaedh.

(1) A_first approximation method based on graphical interpolation.

The size distribution curves for H.D.}l, E.D.2, and HE.D.3 vere
obtained by interpolation for the proper PR and % values from four of
those £{ 1) curves which came closest to satiafying the experimental
data. An alterncte method since then adopted consists of picking two
curves only, selected in such a manner that all experimental points are,
thyoughout the ertire spectrum, contained within the area between the

tWo curves. One thus establishes two distribution curves. While they
differ very little if the ectual distribution curve is of the positively
skeved type, i.e. if the area between the two theoretical spectra is

very small, en appreciable difference is found in other circumstances.
Graphical interpclation betweea the two curves yields then a distri-
bution curve approximating that of the system. This interpolated curve
clearly deviates from the type given by eq. (1). It may, in extreme cases
be priwarily negstively skeved or even bimodn.lw.

(2) s-second approximation method based on the use of a two tem equation.
As alreay vpoiated out previously’, the rigidity with which the
basic type of distritution is fixed by eq. (1) can be removed by adding a

19. 8ince in prectical large scale application of the methode ocutlined
here, computer fitting of theoretical and experimental spectra is
highly desirable; the procedure to be adopted in the present instance
is the independsnt match of two halfs of the spectrum and a subsequent
match of the entire gpectrum. If the minimal sum of the absolute
deviations (or of their sgquares) from the experimentel data hes in all
three instances approximately the same value, eq. (1) applies. Other-
wise, the ccmputer will have to be ordered to dsrive from the two
complete spectral curves the aritlmetic mean. The latter result is
that correcponding to the first approximation method outlined.



second term. This zives
glr) = f{r,r ,8} + (C/C)) £(r,r},8"] {14)
= (r-ro) axp E-;'(r—ro',‘/ala} + (Cz/cl) !roré) exp {-[(r—-x'g)/s']‘:’}

This eqation vas applled to H.D.2, using analytical principles
discupsed previoualyh, The heavily drawn curve II in Pig. 3 sbows the
theoretical 0 { A} curve thus obtained and the heavily drawn curve II in
Pig. &4 represents the resulting distrioution. It agrees aatisfactorily
with the electron microscopic histogram. In particular, the mwber dis-
tritution is essentially correct and, ir addition, the tail towards the
small particle size¢ range is reproduced satisfactorily. It will be npoted
that the modal diercter is the same as before {on using rather eq. (1)].
The only unavoidable artifice irtrodnced by the sezond term is the suddern
change in slcpe Whica occurs in the prgsant instan~e between Do and Dm'
In practical application, it vould b» reasonshle to amooth out such & kink.

On using the two term ecusmiicn, it is necessary to know the
individual thecret-cal values «f 1 ,, and I, or K1,/ and KI where K is a
constant at & given ~avelenztii. This information is included in the tables
referred to a‘oova9.

The task of finding the prorer pR) and qlg«values can be simplified
considerably by using tbe tvwo limiting &istribution curves established ec-
cording to the first approximation procedure discussed otove (V, 1). Aay
of the two curves provides the ¥ and % values whiie the other provides
the p;‘ and q!" valueg. The proper CE/C.1 18 found by successive approximation,
but, in general, no error of ~omsecuence will be committed on asguming that
ca/cl = 1.0,

(3) other Possibilities
T™wo further possibilities, which aiready bave been discussed
triefly are at present ander investigation, tut no statement can be made
as yet on their practical advantage over the 2 preceding procedures.
First of all, one may, ir absence of a satisfactory fit, test the ex-
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perimsntal o/-speetm succezsively agniast theoretical spectra result-
ing from 2 or 3 characteristically different theoretical prototyyes of
distribution functions. This procedurs mekes the use of an elsctronic
comgut ar mandatory .

The saecond additioasl) possibility which-theoretically et least-
is the moat ettractive one consists of dariving from acatitering data a
distribution curve without meking any assurption whateoever about its
character. While this 1s, in principle possible, it 1s necessary to
increase tbe mmber of experimental data considerably if a aingle val-~
ued ansver 18 to be obtainsd. In other words, in addition to 4 -spectra,
turbidity spectra (discussed in a subsequent paper) and the variation of
scattering with the angle of cbservation must be inclided as experimental

erguments.

VI. Simplification of Procedure If the Objective ls Morely
The Determinstion of the Peak of The Distribution Qurve
Or of the Mumber Averege Particle Size.

For many purposes, paiiicalarly in industrial control
work, it is less important to know all the details of a particle eize
distrilution than it 1a to determine the particle diametaer, Da - bm at
which the distribution has its peak (model dismeter) or the muxber
average particle diemoter, Bn. The atmplifications which are then pos-
sible in the procedurer describved vecoms apparent on the basis of Table I.
It 1ists in the first row D, (naro) and D es obtained for all three
systems from d-spectra using eqn. (1). The percent deviation of the re-
sults relative to slectron microscopic dstermination is given in peren-
thesas. (The deviation is considered positive if the light scettering
valus is nrgor)m. The second 1ov sontains the corresponding data ob-
tainad on using ths two term igon. (&) for E.D.2.

It is seen that the deviation in I).l 1s throughout within the limits
of uncertainty of electron microgcopic measuremsnts (about 5%) even on

. The deviations were evaluated by wsans of polygons insoribed in the
histogrens of Fig's. 2, 4, and 6. They vere erased prior to re~
production of these figures.
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applying eqn. (1) to a system with a characteristically different Adis-
tritution curve (B.D.2). A very rough f£it of experirental and theorete
ical (-gpectra is therefore sufficient in order to obtain a satis-
factowvnlneﬁ)rDm. This is aimply due to the fuct that

R = 0.09303% Qg + 0.13030 pp (15)

i.e. IJm varies ouly elowly with % and Py Tus, the four dlstribdution
curves derived fiom the four theoretical spectrs in Pig. 1 differ in
Dnbylessmaﬁ. This fect and, perticularly, the very satisfactory
Dmvune obtained for H.D.2 ahows als3o clsarly that coincidence ofDm
obtainad both Ly light scattering and by another nethod is no guarantes
whatsoever that the distribution curve sseumed applies to the system
under investigation. It i3 important to mote that this applies, of
course, also to other poesible exporimental criteria, such as turbidity
spectra or angular variation of scottering and to the use of other
theorctizal g.istrihxtion functions. In contredistirction to D‘, the
value ofnoioverysennitivetotbetypeofmmmionMuup-
pareat frum the data of H.D.2 and E.D.3 as cocpared to H.D.1Z,

The autmnumdevithmmdtobnm, in a first gpproxi-
mation, also to the mmber average particls dimmeter,

En = 0.06515 (1.476 gg + 2.000 py) (16)

as the sizdlarity of the mumerical coefficients in egns. (15) and (16)
indicates. '
Amiausrxysxmaummmupnummnmr
than qo. It follows then from equ. (15) and (16) thet, in a first
approximat fon unm'ﬁn respectively are directly proporticoal to py.
In other words, it is then possible to derive O (D) from o sivgle
measurement at the reference wavelength. This is tested in the thimd
mwotrableltornm. mmmmmmw

2l. The slectron microscopic value of r vas obtained by

discounting
those emallsst particles whose total mwber was less than cent
of 81l the particles. . 1 per
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at the green Hg - line on associnting with the [ -value that diameter
vhich would obtain if the system were monodisperse. (¥or this purpose
the theoretical dste given in reference 7 were used). The error
relative to the rigorous Dm-'ualues in rov one of Table I is clearly
L-5% throughout. Consequently, this procedure is quantitatively acceptable
up to & qn/pR ratio of about 0.35. This means, in practical terms, &
distribution curve vhose half width 15 not more than about one third
as large as the smallest particles present in consequential mmbers.
Thus, 1f, for instance. s distribution starts effectively at adbout
0.5 microns, D (and Bn) will be obtained from a single monochromatic
‘neasurenent. with an error not in excess of 5% if the halfwidths is not
in excess of 160 nillimicrons. This is essentially equivalent to re-
quiring that no pnrticles abhould be present in consequential mumbers
below 500 millimicrons nor above 800-850 millimicrons.

If qp is app-eciably larger than p;, D and Bn vill, in a first
approximation be proportional to g, again according to egs. (15) amd
{16). Therefore in strongly heterodisperse systems in which signifi-
eant mumbers of particles are present even within the lowest section
of the colloidal range, the approximate value of D (D) obteined at
a single wavelengta is, in first approximation a relative measure of
the degree of heterodispersion of the systenm.

VII. THE RANGE OF PRACTICAL USEFULNESS OF THE LIGHAT SCATTERING METHOL

IN CONMECTION WITH THE PROBLEM OF SIZE DISTRIBUTIONS.

One of the most attractive features of asize distritution deter-
minations from light scattering is the fact that the systems under
jnvestigation are not interfered with, in contradistinction to all
other known methods. ZFrom the theoreticalb and experimental investi-
gation-inclnding experimentsl evidence obtained after conclusion of
the present work'~ it follows that the singlevaluedness and sccuracy
of data obtained from scattering depends on the spread of the distri-

22. Data obtained in this laboratory by Rodney Wu, and, more recently,
by Bettye Greene {to be published later).
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bution curve and on the size of the smellest particles present in
consequential munbers. The role of the latter is relatively minor.
From Fig. 2 (ref. 4), it follows that the sensitivity of the method
should increase with p. On using visibie light, an optimm can, how-
ever, be expected et a particle diameter in excesgs of several microns
since then the nmumber of mexime and minims per unit spectral range be-
cames too large to be measured conveniently. The width of the distribution
curve, on the other hand, is far more;important;Fig. 3 (ref. 5) shows
that at q-values>?.5,s” varies, at constant p, only slowly and nearly
linsarly with q. The sensitivity of the method is therefore optimal
at g-values < 2.5. This corresponds to & distribution curve with a half
vidth not in excees of about 200 millimicrous, and an entire spread not
in excess of about 400-500 m%llimicrons, if visible light is used23.

It follows from Fig. 3 that for q~>» 2.5, at & given &

Aq + Bp - Cpq = constent (a1)
80 that in the absence of a rumerically large spectral variation of J,
(maxima and minima being then essentially absent), a relatively large
mumber of p and q combinations may satisfy the same spectrum. This
problem {8, clearly, not limiied to thc use of eq. (1) nor to the use
of the experimental critericn used here {J -apectra). It is dound to
be encountered also on basing the analysis or other types of distri-
bution or on using as experimental criteris turbidity spectra or the
variation of scattering with the angle of observation. The lack of
singlevaluedness of results to be expected, therefore, in very hetero-
disperse systeme can be relieved, however, by using in addition to
J -spectra the two essentially equivalent criteria just named. A
subsequent paper in this series will be concerned with this possibility.

23. The allowed spread increases in direct proportion to the wave-
langth. It is at leaat 1000 times larger at radar wavelengths. -
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FMgure 1. ge-spectrum of H.D.1l, o system conforming to the
distribution assumed in equation (1).
black circles: most probable experimental value.

rectangles: maximum experimental uncertainty.
curvee: theoretical spectra.

Figure 2. 8ize distritution curveec of H.D.1.

I. Derived from dest fitting interpolated theoretical
S -ppectrun.

II. Derived from approximately fitting theoretical
d~spectrun.

Histcgrar:: electron microscopic distribution curve.

Bleure 3.  g-spectium of H.D.2 (negativoly skewed dist:ribution).

I. Best nossible theoretical F-gpectrum achieved
by means of eq. (1).

II. Better theoretical. / -spectrum obtained on using
eqeation (14).

Figure L. Size distribution curve of H.D.2.

I. Using one-term equation (1).
I1. Usirg iwo-term equation (ik).

Figure 5. -ppectrum of 4.D.3 (Ceussian distribution).

Figure 6. Size distribution of H.D.3.
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